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Abstract. Let r C SL2(R) be a genus zero Fuchsian group of the first kind having oo as a cusp, and 
let E^f. be the holomorphic Eisenstein series associated with T for the co cusp that does not vanish at oo 
but vanishes at all the other cusps. In the paper "On zeros of Eisenstein series for genus zero Fuchsian 
groups", under assumptions on T, and on a certain fundamental domain T, H. Hahn proved that all but 
at most c(T,!F) (a constant) of the zeros of E^ k lie on a certain subset of {z £ f) : Jr( z ) G K}. 

In this note, we consider a small generalization of Hahn's result on the domain locating the zeros of 
E^ k ■ We can prove most of the zeros of E^ k in T lie on its lower arcs under the same assumption. 



1. Introduction 

We denote by T a Fuchsian group of the first kind, which has oo as a cusp with width h. Let T be a 
fundamental domain of T contained in {z : —h/2 ^ 3t(z) < h/2} and A be the lower arcs of T. We then 
define 

(1.1) Vo :=inf{y : ±h/2 + iy€dF}, 

(1.2) a :=jr(-h/2 + iy ). 

We denote by c(T, T) the number of equivalence classes under the action of T on the set of critical points 
of T at which jj^^rn) changes sign. Further details may be found in [H] , 
The main theorem of [H] is the following: 

Theorem 1.1. [HI Theorem 1.1] Let T be a genus zero group that is good for the weight 2k. Suppose 
that T is acceptable for T and that jr has real Fourier coefficients. Then all but possibly c(T, T) of the 
zeros of P{E^ k ,X) lie on [oo, oo), where oq is as in (| Moreover, if m denotes the number of distinct 
zeros with odd multiplicity on [ao, oo), then m + c(r,^ r ) ^ deg(P(i?2 fe , X)). 

Here, "good" and "acceptable" are defined in (HJ Section 1], and P(f,X) G C[X] is the divisor polyno- 
mial of a modular form /. (see (Hj Section 3]) 

Now, we denote by s.!, fe (r) the number of cusps other than and —1/2 at which E^ k has odd multiplicity. 
Then, since E^ k vanishes at all of the cusps other than oo, we can substitute c(r, T) for c(T, T) - s\ k {Y) 
in Thcorcm ll.il (sec Scction[5]). Similarly to yo an d a$, wc define 

(1.3) yi := inf{y : iy 6 dT}, 

(1.4) ax := j T (iyi). 
Then we state the following theorem: 

Theorem 1.2. Let T be a genus zero group that is good for the weight 2k. Suppose that T is acceptable 
for r and that jr has real Fourier coefficients. Then all but at most 2(c(T,J-) — S2 fc (r)) of the zeros of 
P(E2 k ,X) lie on [ao,ai]. 

For the examples of [HJ Section 2], if T = SL 2 (Z), then c(r, T) — s\ k {T) = 0, and so we have proved 
that all of the zeros of E\ k in T lie on its lower arcs for this cases. On the other hand, if T = To (3), then 
c(r, J 7 ) — «2fc(r) = 1) anc > so we have proved that all but at most two of the zeros of E\ k in T lie on its 
lower arcs. 
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2. An expansion on the number c(T, T) 

Let the group F has an acceptable fundamental domain. Note that, other than oo, 0, and —1/2, all 
of the cusps are critical points at which changes sign. Again, E^ k vanishes at every cusp except oo. 
Thus, E\ k has s(T) — s2, fc (r) zeros at cusps whose order is even and at least 2. 

Let Oi, ... , a m ' be the zeros of P{E2 k ,X) on [a , oo) excluding images of cusps by jr that have odd 
multiplicity, and let E>i, ... , b c (r.j r )-si fe (r,j ,r ) be the points excluding cusps along the lower arcs of T 
where changes sign. Let 

o(r,^-4 t (r,y) 

(2.1) Q t (X) :=H(X - Oi) I] (X-Mb,)). 

i=l 3 -=l 

Then, similarly to the proof of Theorem 11.11 (cf. [HI Proof of Theorem 1.1, Section 4]), Qi(jr)T G 
M-(r) and E\ k satisfy 

(2-2) (E^,Q 1 (j r )T) = 0, 

and so satisfy the assumption of Proposition 4.1 of [Hj . Then, we assume m + c(r,.P) — s3, fc (r) < 
dcg(P(P 2 r fc , X)), that is m' + c(F, T) - s\ k (Y) < d C g(P(E? k , X)) - s * fc (T) < dcg(P(P 2 r fc , X)). We have 

(2.3) K(^ 2 r fe ,Qi(ir)T)) = - Ey^ (/ ^2 r feJ ir)Qi(ir)(|T| 2 t 2fe )(ir)t- 2 (ir)t'(ir)djrJ dx. 

However, this contradicts relation ()2.2j) since P^Jfc, X)Qi(X)t'(X) is nonnegative or nonpositive on 
[jr(z),oo). 

We can thus state the following theorem in place of Theorem 11.11 

Theorem 11.11 ' Let T be a genus zero group that is good for the weight 2k. Suppose that T is acceptable 
for L and that jr has real Fourier coefficients. Then all but possibly c(P, J-) — s\ k (T) of the zeros of 
P(£ , 2/ c , X) lie on [ao,oo). Moreover, if m denotes the number of distinct zeros with odd multiplicity on 
[a ,oo) 7 thenm + c(T,f)-sl k (T) ^ deg(P(££ fc , X)). 



3. Proof of Theorem 11.21 

Now, we state the following theorem: 

Theorem 3.1. Let T be a genus zero group that is good for the weight 2k. Suppose that T is acceptable 
for L and that jr has real Fourier coefficients. Then all but at most c{T,!F) — s\ k {T) of the zeros of 
P{El k ,X) lie on ( — oo,cii]. Moreover, if m denotes the number of distinct zeros with odd multiplicity on 
(-oo, ax], then m + c(L, T) - s\ k {V) > dcg(P(P 2 r fe , X)). 

Then, by Theorem ll.il and Theorem 13.11 Theorem 11.21 follows. The proof of Theorem 13.11 is similar 
to that of Theorem 11.11 thus we will give only the outline of the proof: 

Outline Proof of Theorem \3.1\ We write A = U" =1 ^L, where Ai arc smooth paths such that jr|~ 

Similar to Ti, we define closures T~ which satisfy T = -^i an( ^ tne properties for JF- (1), (2), (3), 

and (5) and 

(4)' =TU{z : sft(z) <C 0} U {z : 3(z) ^ Vl } and F~ +2 = TU {z : $t(z) ^ 0} U {z : 3(z) ^ 

where y\ is defined as in definition (|1.3jl 

For z ~ x + iy €z Tff , define a path 
(3-1) 7 r(*) := {j~\t + iZ(j r (z))) : £ e (-oo, X(jr(z))]}, 

which is also traversed from oo to z, and let 

(3-2) *r(*):= / » (p(/,ir cs) )P(5,ir (S ))|T( S )| 2 t 2fc - 2 ) dt 

be the path integral where 5(s) = t. Then, we obtain the following result: (cf. [HI Proposition 4.1]) 
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Proposition 3.1. Let T be good for the weight 2k of genus zero and T be an acceptable fundamental 
domain for T. Let f and g be modular forms in M2fc(T) such that f g vanishes at every cusp of T. 
Defining J-~ and as above, we have that 

(3-3) // M(p(fJ r(z) )P(g-J^\r(z)\ 2 y 2k - 2 )dxdy = -^ f *J{z)dx, 

J J J- i=l ^ 

where z := x + iy, and the Ai are smooth paths traversed in an anti- clockwise direction. 

The proof of the above proposition is similar to that of Proposition 4.1 of jH]. Note that both ji and 
are paths traversed from oo to z. 

Let , ... , a~, be the zeros of P(i?2 fc , X) on (— oo, ai] excluding images of cusps by jr that have odd 
multiplicity, and let 

c(r,^)-4 fc (r,^) 

(3.4) Qi(X):=H(X-ar) JJ (X - Jr (b 3 )). 

i=i j=i 

We have (E 2k , Q^(jr)T) = 0, and by Proposition 13.11 

-(jr)(\r\H 2k )(j r )t- 2 (jr)t'(j r )dj r ) dx. 



(3.5) K((£; 2 r fc ,Qr0r)T)) = -^ / / P{E\ k , j r ) Qr 

i=1 JAi \J-oo 



Since P(E2 k , X)Q 1 (X)t'(X) is nonnegative or nonpositive on (— oo, jr(z)), we can then prove m + 

c{T^)-s\ k {T)>d cg {p(El k ,x)). □ 



APPENDICES. 

In Appendix lAl we demonstrate another proof of Theorem 13 . 1 1 using conjugate groups. In Appendix 
IB] we observe the location of the zeros of the Eisenstein series for some good groups with no acceptable 
fundamental domain. 



Appendix A. Another proof of Theorem 13.11 
Let r be a Fuchsian group of the first kind with oo as a cusp, and let V = ^IT/,^ where T h / 2 

(l h { 2 )- For example, when V = r (2), then we have V = T*(4). 
We can easily show that the map 

M fc (r) i f(z) » f( z + h/2) e Mfe(r') 

is an isomorphism. Furthermore, we have 

(AI) E T 2 ' k {z)=El k {z + h/2). 

If / E M^(T) has a Fourier expansion at infinity given by 

oo 

f(z) = q h ■= e 2 ^ z/ \ m £ Z, 

n—TiQ 

then since qh\ z =z+h/2 = -Qh we have 

oo 

f(z + h/2) = J2 e M%F). 

n—no 

Remark A.l. For the weight 2k, if the group T is good, then the group V = T f ~^ 2 TT h /2 is also good. 
We also have s\ k (V) = s\ k (Y). 

In addition, if canonical hauptmodul jr has a Fourier expansion of the form 



jr ( z ) = - + J2a n q% eM °°(r), 



Qh 
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then 

(A.2) j T ,(z) = - + ^((-l) n - 1 a„)g^ = -jr(z ± h/2) e M ~(r') 

n—l 

is a canonical hauptmodul for V . 

Let T be a fundamental domain for T contained in {z : —h/2 ^ $t(z) < h/2}, and write 

T~ :=TV\{z : -h/2 3?(z) < 0}, 

T + :=Tr\{z : 0< %t(z) < h/2}. 

By the correspondence 

T~ 3 z i-» z + h/2 e T~+h/2, 
(A.3) , ' 

T + 3 z ^ z - h/2 E T + - h/2, 

we have that 

(A.4) T' := {T + - h/2) U {T- + h/2) 

is a fundamental domain for T' , and we denote by A' the lower arcs of J-'. By the above correspondence, 
we have the following fact. 

Remark A.2. If a fundamental domain T forT is acceptable, then the domain T' in the above definition 
is an acceptable fundamental domain for V . Furthermore, we have c(T,J-) = c(T',J-'). 

Now, let yo' := inf{y : ±/i/2 + iy E dT'} (= y\) and oq' = jr'(yo') (= —o-i). Similarly to Theorem 
11.11 . we can show the following proposition: 

Proposition A.l. For the group V and the domain T' in the above definitions, all but at most c(T' , J-') — 
s 2fc(r') of the zeros of P(E 2k , X) lie on [ao',oo). Moreover, if m denotes the number of distinct zeros 
with odd multiplicity on [ao',oo), then m + c(V , T') — s\^Y') deg(P(E2 k , X)). 

By relations fA~Tj) and (|A~2|) . we have P(E^' k ,X) = (-l) d P(E^ k , -X) where d = deg(P(E% k , X)). 
Thus, the above proposition is equivalent to Theorem 13. 11 



Appendix B. On zeros of Eisenstein series for some good groups with no acceptable 

FUNDAMENTAL DOMAIN 

Let r be a Fuchsian group of the first kind with oo as a cusp. If T does not have any acceptable 
fundamental domain, then the zeros of E 2k do not always lie on {z E $j : jr(z) £ R}. 

In this section, we consider the normalizers of the congruence subgroup ro(AT). (see |CN] and [S]) For 
the levels N ^ 12, the normalizers with no acceptable fundamental domain are the following: 

r (5), T (6) + 2, r (7), r (9), r (10) + 2, r (10), r*(ll), and r (12) + 3. 

For r (5), r (6)+2, r (7), r (10) + 2, r (10), and T^ll), we can observe from numerical calculations 
that many of the zeros of the Eisenstein series for the oo cusp do not lie on the lower arcs of their 
fundamental domains. However, when the weight of Eisenstein series increases, then the location of the 
zeros seems to approach these lower arcs. 

In Figure [2 we show graphs for r (6) + 2 = r (6) U PF 6 , 2 r (6), where W 6 , 2 ■= ( ~^~^\ Wc 
denote by T§+2 its fundamental domain, by A 6+2 its lower arcs, and by je+2 its hauptmodul. 
On the other hand, r (9) and r (12) + 3 appear to be the special cases. For r (9), we have 

(B.l) E T 2 f\z) = E T 2 f\Zz). 

Since by Theorem 1 1.21 all of the zeros of E^ 3 * 1 in its fundamental domain lie on its lower arcs, all of the 
zeros of -E^fc m ^ s fundamental domain (see Figure ^ lie on its lower arcs. We denote the fundamental 
domain of E 2k ^ by JT 9 , its lower arcs by Ag, and its hauptmodul by j'9. 

For T (12) + 3, we have E 2 ° (12)+3 (z) = E 2 ° (6)+3 (2z). Thus, we can prove by Theorem O that all but 
four of the zeros of E. 2k v in its fundamental domain lie on its lower arcs. However, both To (9) and 
rg(12) + 3 do not have any acceptable fundamental domains. 
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Image of A 6 +2 by Je+2 




Image of the zeros of El o(6)+2 for 4 sC k < 40 by Je+2 



Image of the zeros of Sjqqq'" 1 " 2 by Je+2 



Figure 1. r (6) + 2 



Image of Ag by Jg 

Figure 2. r (9) 
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